ABSTRACT. In this paper we report on the full classification of Dirichlet-Voronoi polyhedra and Delaunay subdivisions of five-dimensional translational lattices. We obtain a complete list of 110244 affine types (Ltypes) of Delaunay subdivisions and it turns out that they are all combinatorially inequivalent, giving the same number of combinatorial types of Dirichlet-Voronoi polyhedra. Using a refinement of corresponding secondary cones, we obtain 181394 contraction types. We report on details of our computer assisted enumeration, which we verified by three independent implementations and a topological mass formula check.
INTRODUCTION
The study of translational lattices and their Dirichlet-Voronoi polyhedra are classical subjects in crystallography. In 1885 Fedorov [Fed85] (cf. [SG84] ) determined the five combinatorial types of possible Dirichlet-Voronoi polyhedra in the Euclidean 3-space R 3 . These are also all the parallelohedra in R 3 , that is, polyhedra admitting a facet-to-facet tiling of R 3 by translation. Voronoi [Vor08] developed a theory to classify Dirichlet-Voronoi polyhedra for arbitrary d-dimensional Euclidean spaces R d . His theory allows to classify them via a classification of Delaunay subdivisions up to affine equivalence (so called L-types). In this context Voronoi also came up with his famous and still unsolved conjecture, stating that every parallelohedron in R d is affinely equivalent to a Dirichlet-Voronoi polyhedron for some translational lattice.
In this paper we report on the enumeration of the 5-dimensional combinatorial types of Dirichlet-Voronoi polyhedra or equivalently Delaunay subdivisions (Theorem 3.5). We find in total 110244 different combinatorial types and hereby go beyond the partial classification according to subordination schemes previously obtained by [Eng00] . In Table 3 we list the number of Delaunay subdivisions that were computed so far. By our work, a full classification is known for d ≤ 5 so far. Recent partial results on primitive types in dimension 6 [BE13] seem to indicate that a full classification beyond 5 dimensions is out of reach at the moment.
Our paper is organized as follows. In Section 2 we start with some notation and background on DirichletVoronoi and Delaunay polytopes. Voronoi's L-type theory is briefly reviewed in Section 3. We in particular describe how the classification of Dirichlet-Voronoi polyhedra is reduced to the classification of Delaunay subdivisions and how this can practically be done. Algorithms and implementations for our classification result are briefly described in Section 4 and references to online sources are given. Additional data and tables are presented in Section 5, where we also relate our work to the theory of contraction types.
Affine and combinatorial types of Dirichlet-Voronoi polytopes.
In dimension 2 there exist only two combinatorially inequivalent types of Dirichlet-Voronoi polytopes: either centrally symmetric hexagons or rectangles. We note that there are infinitely many affine types of Dirichlet-Voronoi polytopes. Actually, any centrally symmetric hexagon with vertices on a unit circle is a Dirichlet-Voronoi polytope of a lattice. However, they are not all affinely equivalent to each other. For instance, none of them is affinely equivalent to a regular hexagon (except the regular hexagon itself). We refer the interested reader for more information on affine types of Dirichlet-Voronoi polytopes to [DIN11, Gav14] .
The combinatorial types of Dirichlet-Voronoi polytopes in dimensions 3 and 4 are known as well. There exist five different combinatorial types of Dirichlet-Voronoi polytopes in dimension 3 and 52 different combinatorial types in dimension 4. In this paper we report on the classification in dimension 5 and we show:
Theorem 2.1. There are precisely 110244 combinatorially inequivalent types of Dirichlet-Voronoi polytopes of five-dimensional translational lattices.
In the following we explain in more detail how to obtain the above classification result, based on Voronoi's second reduction theory for positive definite quadratic forms.
2.3. Delaunay subdivisions. The notion of Delaunay subdivisions were introduced in [Del34] . Here we give their definition and shortly describe major properties.
Given a translational lattice Λ in R d , an empty sphere S(c, r) of center c and radius r > 0 is a sphere such that there is no lattice point in its interior. A Delaunay cell is an intersection Λ ∩ S(c, r). A Delaunay polytope is a d-dimensional polytope of the form conv(Λ ∩ S(c, r)).
The set of all Delaunay polytopes of Λ form a polytopal subdivision of R d , called the Delaunay subdivision of Λ. In general, a polytopal subdivision is a non-overlapping union of polytopes that fill all of R d and such that the intersection of any two polytopes is either empty or a k-dimensional face. DV(Λ) together with all its translates by lattice vectors form another polytopal subdivision of R d . Both subdivisions are invariant by lattice translations. The Delaunay polytopes with vertex at x ∈ Λ are translates by x of some Delaunay polytope with vertex at 0. Thus to know the full Delaunay subdivision of a lattice Λ, it suffices to know the Delaunay polytopes with vertex 0. The centers of these Delaunay polytopes coincide with the vertices of DV(Λ).
The Delaunay subdivision is said to be dual to the subdivision with Dirichlet-Voronoi polytopes. The Dirichlet-Voronoi polytope of a lattice can be obtained from the Delaunay polytopes with vertex 0 and vice versa: There is a bijection between the k-dimensional faces of these Delaunay polytopes and the (d − k)-dimensional faces of the Dirichlet-Voronoi polytope. In particular, each d-dimensional Delaunay polytope corresponds to a vertex of the Dirichlet-Voronoi polytope. Moreover, the face lattice structure with respect to inclusion is preserved as well: If two faces of Delaunay polytopes with vertex 0 are contained in each other, the corresponding dual faces of the Dirichlet-Voronoi polytope are contained in each other with the inclusion reversed. Therefore, the classification of combinatorial types of Dirichlet-Voronoi polytopes is equivalent to the classification of combinatorial types of Delaunay subdivisons.
The different combinatorial types can be derived from possible affine types. Here, two Delaunay subdivisons, respectively lattices Λ and Λ ′ are affinely equivalent (are of the same affine type), if there is a matrix (linear map) A ∈ GL d (R) with Λ ′ = AΛ, mapping all Delaunay polytopes of Λ to those of Λ ′ . Note that two Delaunay subdivisions with different combinatorial types can not be affinely equivalent. The opposite could be possible though: Two different affine types of Delaunay subdivisions could possibly have the same combinatorial type -although we do not know of a single example among Delaunay subdivisons for translational lattices at this point. In particular, up to dimension 5, all affine types of Delaunay subdivisons are not only affinely inequivalent, but also combinatorially.
VORONOI'S SECOND REDUCTION THEORY
In the following we give a short sketch of Voronoi's second reduction theory [Vor08] , as far as it is necessary to describe how our classification of affine types of five-dimensional Delaunay subdivisions is obtained. For a more detailed description and extensions of the theory we refer to [Sch09] .
3.1. Working with Gram matrices. The set of real symmetric positive definite matrices is denoted S d >0 . When dealing with lattices up to orthogonal transformations, it is often convenient to work with Gram matrices Q = B t B ∈ S d >0 instead of using matrices of lattice bases B. Up to orthogonal transformations, the basis matrix B can uniquely be recovered from Q using the Cholesky decomposition. Geometrically this is equivalent to reconstruction of a basis knowing vector lengths and angles between them. Every positive definite symmetric matrix Q defines a corresponding positive definite quadratic form
In particular for studying affine types of Delaunay subdivisions it is convenient to use the same coordinates of vertices v 1 , . . . , v n from a fixed translational lattice We speak of a Delaunay triangulation, if all the Delaunay polytopes are simplices, that is, if all of them have affinely independent vertices. We say that Del(Λ, Q) is a refinement of Del(Λ, Q ′ ) (and Del(Λ, Q ′ ) is a coarsening of Del(Λ, Q)), if every Delaunay polytope of Q is contained in a Delaunay polytope of Q ′ . Any Delaunay subdivision can be refined to a Delaunay triangulation by perturbing Q if necessary. Voronoi's theory of secondary cones which we explain below gives us an explicit description of the set of positive definite matrices having the same Delaunay subdivision. 
which can be seen to be non-empty polyhedral cones in S d >0 (which are open within their linear hull), if D is a Delaunay subdivision for some Q. In order to give an explicit description of SC(D) we define for an affinely independent set V ⊆ Z d of cardinality d + 1 and a point w ∈ Z d the symmetric matrix
where the coefficients α v are uniquely determined by the affine dependency
In the special situation of V = {v 1 , . . . , v d+1 } being vertices of a Delaunay simplex L and w being the additional vertex of a Delaunay simplex L ′ = conv{v 2 , . . . , v d+1 , w} adjacent to L, we use the notation N L,L ′ for N V,w . In the following we use A, B = Trace (AB) to denote the standard inner product defined for two symmetric matrices A, B on S d . The following result by Voronoi gives an explicit description of a secondary cone in terms of linear inequalities. 
This theorem of Voronoi shows that the secondary cone SC(D) of a Delaunay triangulation D is a full dimensional open polyhedral cone, that is, the intersection of finitely many open halfspaces. If we use weak inequalities ≥ 0 in (2) instead of strict inequalities, we obtain a description of the closed polyhedral cone SC(D). We will use these closed versions and their facial structure in the sequel. Just like for polytopes (cf. Section 2.1), faces can be defined for these closed polyhedral cones and the set of all faces forms a combinatorial lattice -the face-lattice of the cone. Voronoi discovered that the faces of SC(D) correspond to all the possible coarsenings of D.
Two full dimensional secondary cones touch in a facet, if and only if the corresponding Delaunay triangulations can be transformed into each other by bistellar flips. That is we first apply a coarsening of some of the simplices to repartitioning polytopes (d-dimensional polytopes with d + 2 vertices) and then apply a refinement procedure. Since these changes of Delaunay triangulations are not important for what follows, we omit a detailed description here and refer the interested reader to [Sch09] .
The rational closure S d rat,≥0 of S d >0 is the set of positive semidefinite quadratic forms whose kernel is defined by rational equations. At the core of Voronoi's theory is the action of the matrix group GL d (Z) on the polyhedral tiling by closures of secondary cones: Note that one can subdivide the secondary cones into smaller cones and obtain a reduction domain for the action of
>0 . This is the reason why Voronoi's theory of Delaunay subdivisions and secondary cones is referred to as Voronoi's second reduction theory (for positive definite quadratic forms).
For our classification of affine types the following observation is crucial: Proof. We are not aware of an explicit reference for this result, so for clarity we give an argument here. First we note that transforming a set Λ and a Delaunay decomposition Del(Λ, Q) by a linear map A ∈ GL d (R) we get a new Delaunay decomposition Del(Λ ′ , (A −1 ) t QA −1 ) with vertex set Λ ′ = AΛ.
Suppose now that the Delaunay decompositions of Λ and Λ ′ are of the same affine type.
and therefore Q and (U −1 ) t Q ′ U −1 are in the same secondary cone.
On the other hand, if Q and
,
With the knowledge on how to perform bistellar flips, Theorems 3.2 and 3.3 easily lead to an algorithm to enumerate all affine types of Delaunay triangulations in a given dimension (see Algorithm 3 in [Sch09] ). Beginning with dimension 6 the number of inequivalent Delaunay triangulations starts to explode. At the moment, we still do not know how many inequivalent triangulations we have to expect in dimension 6. Baburin and Engel [BE13] report that they found 567.613.632 ones so far. We note that this theorem can be extended to positive semidefinite symmetric matrices in the rational closure S d rat,≥0 of S d >0 . For those among them which are not positive definite, one can define a polyhedral Delaunay subdivision with unbounded polyhedra. For details we refer to Chapter 4 of [Sch09] .
By Theorem 3.4, the classification of all inequivalent Delaunay subdivisions is equivalent to the classification of all inequivalent secondary cones. In order to prove our Theorem 2.1, we show the following equivalent result: 
Related works.
At this point, we should point out that there is a parallel theory that considers a single Delaunay polytope in a lattice, irrespective of the other Delaunay polytopes in the tessellation. This theory is exposed in [DL10] and recent developments can be found in [DS16] . The possible Delaunay polytopes of dimension 5 were classified in [Kon02] in terms of 138 combinatorial types. The classification in dimension 6 in [Dut04] gives 6241 combinatorial types.
In [Sch09] (cf. Table 2 on page 60) it is reported that Engel [Eng00] found 179372 inequivalent fivedimensional Delaunay subdivisions. This, however, is unfortunately a misinterpretation of Engel's result who classifies so called contraction types (of parallelohedra). From these contraction types, he derives 103769 "combinatorial types". These types are not the true combinatorial types that are classified here however, but a coarser notion, which classifies parallelohedra in dimension 5, or equivalently Delaunay subdivisions, up to their subordination schemes. The subordination scheme of a d-dimensional polytope P is a list of numbers, containing for every k = 2, . . . , d − 1 and for every n, the number of (k − 1)-faces of P incident to exactly n of the k-faces of P (see Section 4 of [Eng00] for details). Thus, the subordination scheme encodes certain properties of the face lattice of a polytope, but not the whole face lattice. Two combinatorially different polytopes can have the same subordination scheme. They may even be the same for different affine types of Dirichlet-Voronoi polytopes, having even secondary cones of different dimension. In fact, during our work we discovered two such examples for d = 5.
Note that combinatorial types of polytopes can only truely be distinguished, by checking whether or not their face lattices are different. It has been shown in [KS03] that the incidence relations between vertices and facets of two polytopes are sufficient to distinguish their face lattices. Practically such differences can be checked using graph isomorphism software as we describe in the next section. Invariants like the number of faces of a given dimension or the subordination scheme used by Engel may be useful in computations, for instance when limiting the number of equivalence tests. However, such invariants are not sufficient for complete enumerations. Engel's invariant appears to distinguish the known 52 combinatorial types in dimension 4, but it does not distinguish types in any dimension greater or equal to 5. While it is conceivable that the subordination scheme could be extended to better distinguish between types, it should never be used alone without checking for equivalence since there is always the possibility that non-isomorphic structures have the same invariant.
ALGORITHMS AND IMPLEMENTATIONS
Before we explain the details of our computations for d = 5, we start with some general observations, which are valid in all dimensions and quite useful for practical purposes.
4.1. Using reduced generators and central forms. Each secondary cone, respectively its closure is given by a finite list of linear inequalities (coming from Voronoi's regulators, cf. Theorem 3.1). From it one can obtain a number of generating rays. In fact, one of these descriptions (by rays or inequalities) can be obtained from the other by a polyhedral representation conversion. Since all of the involved inequalities involve rational numbers only, we may assume that the generators for rays are given by integral vectors (matrices in S d ), with coordinates having a greatest common divisor (gcd) of 1. We refer to these generators as reduced (or normalized) generators. As we are using Theorem 3.4 for the classification of Delaunay subdivisons, we only need to consider closures of secondary cones which are faces of closures of fulldimensional secondary cones. All such faces are themselves generated by a subset of the reduced generators of the full dimensional cone.
Having reduced generators R 1 , . . . , R k of a secondary cone SC (respectively its closure), we define a central reduced (or normalized) form of the secondary cone as the sum Q(SC) = [PS97] . Their initial implementation is available at [PS95] and is part of computer algebra software such as [MAG06, GAP15] . The algorithm works by building a finite set of vectors that is canonically defined by a given positive definite matrix and spans Z d as a lattice. For a given norm bound n and a positive definite matrix Q let
Then we take the smallest n such that S(Q, n) spans Z d as a lattice and call the vector set Can(Q).
As testing GL d (Z)-equivalence of central reduced forms is computationally quite involved, one needs to reduce the number of such tests as much as possible since the final number of forms is M = 110244 and so the total number of isomorphism tests is a priori M (M − 1)/2. The basic idea is to use invariants to reduce the number of tests. Some invariants come naturally from the form Q(SC) such as its determinant and size of Can(Q(SC)). Other possible invariants are related to the secondary cone SC under consideration. For example the dimension of SC or its number of generating forms R 1 , . . . , R k . Further invariants are the rank of R k and so on. Rather surprisingly, the most efficient invariant tends to be the determinant of Q(SC). [SV06, DSG09] . These open polyhedral cones are full dimensional in S 5 >0 and therefore have dimension 15. Their closure is given by a list of non-redundant linear inequalities. From this list, we can obtain the reduced generators of each cone and also a description by generators and by equations / inequalities for each of their facets. These facets are themselves closures of 14-dimensional secondary cones which correspond to Delaunay subdivisions that are a true coarsening of the considered Delaunay triangulation at hand. Some of them may be GL d (Z)-equivalent, so for our classification, we have to obtain a list of GL d (Z)-inequivalent 14-dimensional secondary cones in S 5 >0 from them, using their central reduced forms. In a next step, we obtain a list of GL d (Z)-inequivalent 13-dimensional secondary cones from our list of 14-dimensional secondary cones in a similar way. We continue this process until we subsequently obtain a full list of GL d (Z)-inequivalent cones of dimensions 15, . . . , 1. See Table 1 for the number of secondary cones obtained in each dimension in this way.
Putting it all
together for five dimensions. Now, finally, let us put the pieces above together, to describe the algorithm behind our classification result for d = 5. To show Theorem 3.5 with computer assistance, we can use Voronoi's theory. We start from the secondary cones of the 222 known Delaunay triangulations. Those were classified in [BR73, RB78] but the classification was incorrect and a final correct classification was obtained in [EG02] which we have independently confirmed in
Practical Implementations.
The computer code of our first implementation in Haskell of the algorithm described above, together with a detailed documentation (in German) is available at the webpage [Wal15b] . In particular, data of the full classification can be obtained at [Wal15a] , with a matrix of a central reduced form for each secondary cone in S 5 >0 . Our second implementation used the GAP package polyhedral [DS15] with some external calls to isom [PS95] for equivalence tests and lrs [Avi15] for polyhedral representation conversions. In our third implementation, we adapted the program scc. In its latest version [GSV15] we included the program isom to produce all secondary cones of a given dimension.
In order to avoid the dependency on isom in all three implementations, we also performed equivalence computations with nauty [McK14] , applied to test equivalence of the sets Can(Q(SC)) of vectors, by using the method explained in Section 3.4 of [BDSP + 14]. Overall, the full computation, its resulting data and in particular the numbers in Table 1 were all sufficiently well cross-checked. All calculations yield the same results and due to the different nature of our three programs we can be certain of the obtained classification, although the computations are large and quite involved.
We can use the obtained results for a computational proof of our main Theorem 2.1, by showing that all Delaunay subdivisions, respectively the corresponding Dirichlet-Voronoi polytopes, are combinatorially inequivalent. This is shown by checking if their face-lattices are non-isomorphic. Since the face-lattice of a polytope is determined by the incidence graph of vertices and facets, we can check if these graphs are nonisomorphic. These isomorphism checks can be performed using for instance graph isomorphism software like nauty [McK14] . We computed "canonical forms" for each of the graphs with nauty and then used md5sum (a special hash function) for each of them in order to decide computationally (in a reasonable amount of time) that they are all different.
TABLES AND DATA
We provide the following tables, containing additional information: Table 1 gives the number of inequivalent secondary cones by their dimension. Table 2 gives the number of secondary cones by their number of rank 1, 4 or 5 extreme rays. Table 3 gives the known numbers of inequivalent secondary cones (all combinatorial types) and full-dimensional secondary cones (primitive types), together with a reference where these results can be found. Table 4 gives the number of secondary cones according to their dimension and their number of extreme rays. Table 5 gives the number of secondary cones that cannot be extended to a higher dimensional cone by a pyramid construction with a rank-1 extreme ray. Table 6 gives the frequencies of occurring Bravais groups according to the nomenclature of [CAR08] . Table 7 and 8 relate our classification to notions in the theory of contraction types as developed in [Eng00] . In the following we provide some background information (see also [DSGM14] ).
Fundamental faces and irreducible cones.
For a given secondary cone SC with generating rays R 1 , . . . , R k we define the fundamental face F (SC) to be the smallest face of SC that contains all the generators R i of rank greater than 1. The face F (SC) may be reduced to zero in which case SC is generated by rank-1 matrices only. From [ER94] we know that the number of generators is equal to the dimension of the secondary cone in this case and that this case is equivalent to the Dirichlet-Voronoi polytope being a zonotope and to the Delaunay subdivision being the connected region of a hyperplane arrangement. Up to GL 5 (Z)-equivalence, we found 81 secondary cones of this kind, corresponding to different zonotopes in dimension 5.
If F (SC) is nontrivial (non-zero) then the structure of the secondary cone is more complex. For a secondary cone SC we have a decomposition of the form
with p(v i ) = v i v t i the rank-1 matrix (form) associated to a vector v i . Our computations show that we have dim SC = dim F (SC) + h which means that SC is obtained by a sequence of h pyramid constructions over F (SC). By a pyramid construction we mean an extension to a higher dimensional secondary cone by adding a rank-1 generating ray.
If F (SC) does not contain any positive definite matrices (and hence lies in the boundary of S 5 >0 ), then in dimension 5 there is only one possibility: F (SC) has only one extreme ray that corresponds to the D 4 root lattice, which we denote by F D 4 . Up to GL 5 (Z)-equivalence, we found 424 different combinatorial types of secondary cones of the form
itself is not a secondary cone, since it does not contain any positive definite forms. By our computation, all such cones have their dimension equal to their number of generators.
The fundamental cones F (SC) may themselves contain rank 1-forms. For example, there exist two secondary cones of dimension 3 with 4 generators each, 3 of rank 4 and one of rank 1 (see Section 5 of [DSHS15] ). If F (SC) contains only forms of rank higher than 1 then according to the terminology of [Eng00] it is totally zone contracted. If a secondary cone satisfies SC = F (SC) then it is called irreducible. Table 7 and 8 give key information on irreducible secondary cones we found.
Contraction types.
In [Eng00] the notion of a contraction type is introduced. This notion is distinct from secondary cones and gives a further refinement of them. That is, if we have a secondary cone SC that is irreducible but not totally zone-contracted and has rank-1 forms p 1 , . . . , p m , then we can decompose it into a number of contraction cones (also called contraction domains) SC i + m j=1 R + p j with SC i a totally zone-contracted secondary cone. For example the 3-dimensional cone SC with symbol L 2 1 L 3 p 1 in Table 8 is a cone over a square (combinatorially) with vertices corresponding to p 1 , L 1 , L 3 and L 1 . We can decompose it into two isomorphic 3-dimensional cones (over triangles) of the form L 1 L 3 +R + p 1 and one 2-dimensional cone of the form L 3 + R + p 1 .
For other cones the decomposition can be more complicated. Given an irreducible secondary cone SC, let R 1 be the cone of its extreme rays of rank 1. We define S to be the set of all totally zone contracted irreducible cones whose rays are also rays of SC (of rank greater than 1). Then our computation shows that SC can be decomposed into contraction cones S + R 1 with S ∈ S.
The decomposition of an irreducible secondary cone SC into contraction cones, induces a decomposition of any secondary cone obtained by adding rank-1 forms. Overall, we thus obtain a decomposition into contraction cones that is finer than the decomposition by secondary cones. For secondary cones SC whose fundamental face F (SC) is totally zone-contracted there is no difference. But for other irreducible secondary cones the contraction types form a strictly finer decomposition. The total number of contraction types that we obtain is 181394. The number of contraction cones by their dimension is given in Table 1 . In Table 8 we give for each irreducible secondary cone D the number of types of contraction cones contained in D + k R + p(v k ). We note that in [Eng00] the number of contraction cones is reported to be 179372. This discrepancy is most likely due to the different notion of equivalence via "subordination schemes" used there.
Euler Poincaré characteristic check.
Another key check of the correctness of our enumeration is to use the Euler Poincaré characteristic. We have the formula
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